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Studying two-dimensional field theories in the presence of defect 
lines naturally gives rise to monoidal categories: their objects are the 
different (topological) defect conditions, their morphisms are junc- 
tion fields, and their tensor product describes the fusion of defects. 
These categories should be equipped with a duality operation corre- 
sponding to reversing the orientation of the defect line, providing a 
rigid and pivotal structure. We make this structure explicit in topo- 
logical Landau-Ginzburg models with potential x'^, where defects are 
described by matrix factorisations of x'^ — y'^. The duality allows to 
compute an action of defects on bulk fields, which we compare to the 
corresponding M = 2 conformal field theories. We find that the two 
actions differ by phases. 
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1. Introduction and summary 

Defect lines are one- dimensional interfaces that separate different regions on the 
worldsheet in two-dimensional field theory. As such they, together with the fields 
that may be inserted at their junctions, are entities of the theory in their own 
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right, and hence a complete study of field theories must also feature defects. 
Furthermore, defects may be used as a valuable tool to understand relations 
between possibly distinct theories. Both the "internal" and "external" view on 
defects can lead to new insights. 

In topologically B-twisted Landau- Ginzburg models with potential W, defects 
are described by matrix factorisations of W ®c 1 — 1 (g)c W [BR]. This may be 
understood via the folding trick [WA] and the fact [Kt, KLl, BHLS, La] that 
boundary conditions in such theories are modelled by matrix factorisations of the 
potential. Just as in any other topological field theory it is natural to consider 
the category, denoted MF(l^) in the present case, of boundary conditions, whose 
morphisms describe boundary condition changing operators (with associative op- 
erator product expansion). Similarly, defects in topological Landau-Ginzburg 
models are the objects of a category MFbi(M^) whose morphisms are topological 
junction fields in between possibly different defect lines. Besides being of interest 
on their own, defects in Landau-Ginzburg models also occur in the description of 
boundary conditions in the three-dimensional Rozansky-Witten model [KRS]. 

While sharing similar properties in many regards, topological boundary condi- 
tions and defects also differ in fundamental ways. One important aspect is that 
there is a natural "multiplication operation" for topological defects, but not for 
boundary conditions. Indeed, by definition (see e.g. [RS, sec. 3]) the location of 
a topological defect on a two-dimensional worldsheet can be varied without af- 
fecting the value of the correlator assigned by the field theory to the worldsheet, 
as long as the defect line is not moved across field insertions or other defect lines. 
Hence one may consider the well-defined limit of moving two topological defects X 
and Y arbitrarily close to each other. This is the fused defect, denoted hj X ^Y. 
If there are topological junction fields on the defects before fusion, then via this 
process they translate into one single field between the fused defects. Thus fu- 
sion is defined on the category of topological defects, and one may expect that 
it gives rise to a monoidal structure. That this is indeed the case for topological 
Landau-Ginzburg models was shown in [CR] (building on [Yo, ADD, KhR, BR]). 

Landau-Ginzburg models with Af = 2 supersymmetry are closely related to 
superconformal field theories: physically one expects that the latter are infrared 
fixed points under renormalisation group fiow of the former [KMS, Mr, VW, 
HWe]. The correspondence is much clearer if one restricts to the topologically 
twisted sector on both sides. In this case it has been successfully tested for 
numerous models by matching various substructures in the bulk, boundary, and 
defect sectors, see e.g. [ADD, Ho, BG, ERR, BR, CR]. 

If a two-dimensional conformal field theory is rational (by which we mean 
that the underlying vertex operator algebra satisfies the finiteness conditions 
of [Hu]), one has a concrete description of all topological defect lines which are 
compatible with the rational symmetry. Namely, they correspond to bimodules 
over a certain algebra in the category of representations of the associated vertex 
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operator algebra. The fusion of defect lines is just given by the tensor product 
of these bimodules [FRSl, Fr3]. 

In the present paper we shall study another property which one expects to find 
in the monoidal category describing defect lines, namely that of rigidity and that 
of a pivotal structure. Roughly, a rigid monoidal category is one with a good 
notion of dual objects, and a pivotal structure provides an isomorphism between 
an object and its double-dual which is compatible with tensor products. The 
basic example of a category that has these properties is that of finite-dimensional 
vector spaces. 

Both structures are present in the afore-mentioned defect category of rational 
conformal field theory [Fr3]. Hence one may think that the CFT/LG correspon- 
dence suggests an equivalence of such categories; however, we will find that the 
pivotal structure on MFbi(Vr) agrees with the one of the conformal field theory 
side only up to phases. 

Before we motivate in more detail why one should expect a rigid and pivotal 
structure from the physical picture, we briefly state the mathematical results 
proved in this paper. 

• The category MFbi(W^) of finite-rank matrix bi-factorisations in one variable 
is a pivotal rigid monoidal category (theorems 2.5 and 2.13), and we work 
out this structure in explicit detail. 

• The duality operation provides an involutive ring anti-homomorphism C on 
the Grothendieck ring i^'o(MFbi(H^)), as well as a surjective algebra homo- 
morphism T>r : Ko{MFu{W)) C ^ End°(EndMFbi(VK)(/)) to the grade 
preserving linear maps on the endomorphisms of the tensor unit (lemma 3.3 
and propositions 3.5 and 3.8). 

Furthermore, we comment on how one might establish rigidity in the many- 
variable case (remark 2.8). 

Let us now expand on the physical motivation. We only consider two- 
dimensional field theories defined on oriented surfaces, whose defect lines also 
carry an orientation. Reversing the defect orientation while retaining all other 
independent properties thus produces another defect X^, which we refer to as the 
dual of X. A slightly different way to think about this is that one may consider 
"bending" a topological defect, e.g. like this: 



To make a connection to what we can treat algebraically, let us reinterpret this 
picture as describing a particular field inserted at the junction of the fusion of X 




■'X 
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with its dual and the invisible defect: 



I / 



1.2) 



The invisible defect / by definition acts as the identity under fusion, i. e. there 
are isomorphisms Ay : / (8>y — > F and py '■ Y^I ^ Y for all defects Y. Thus its 
presence can never change the value of correlators, and because of the triviality 
of the invisible defect it also must be dual to itself, 

/^ = /, (1.3) 

since an orientation that cannot be seen is irrelevant. 

Always reading diagrams from bottom to top, we may now identify (1.1) and 
its 180°-rotated version with junction fields and therefore morphisms in the defect 
category: 



X^'- -'X 



: ®X 



X.. ..x^ - I 

V 



(1.4) 



These are the evaluation and coevaluation maps which are at the heart of the gen- 
eral duality structure of definition 2.2, and whose concrete realisation in Landau- 
Ginzburg models with only one chiral superfield will be given in (2.24) and (2.29) 
below. 

Another intuitively natural property of topological defects is that one should 
be able to "straighten them out" as their precise location does not matter. By 
this we mean that locally on a worldsheet we should have the identities 




'^X 



■■X 



X 



V >. 




x^ 



1.5) 



where we have chosen not to display the invisible defect. The existence of mor- 
phisms (1.4) subject to the above relations is precisely what it means for the 
defect category to be rigid. This is the subject of theorem 2.5 and remark 2.8 for 
the case of MFuiW). 

Since we think about passing to the dual defect as orientation reversal, one 
should expect that the map ( • )^^ which sends a defect X to its double dual X^^ 
is the identity. The more precise statement, which we prove as theorem 2.13, 
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is that there is a natural isomorphism between the identity functor and (O^^ 
which is compatible with the monoidal structure. This result will be crucial for 
applications to concrete models. 

Once the duality structures described so far are established, they can be used to 
study more concrete situations, for instance the action of defects on bulk fields. 
For this, consider an insertion of a bulk field somewhere on the worldsheet. 
Then one may ask the question of what happens to this field if one wraps a 
topological defect X around it and subsequently collapses X to coincide with the 
insertion point of if. This process should map to a new bulk field ipx inserted 
at the same point: 

I — > ^x= (^^^^ ■ ^^'^^ 

To formulate this in the language of rigid monoidal categories, all we have to do 
is to reinterpret the above picture in terms of the defect (junction) fields that we 
have already introduced. As a first step, we note that any bulk field may also be 
viewed as a defect field living on the defect I (which is invisible, after all): 

\I 

■ (1-7) 

Consequently we may interpret the action (1.6) on bulk fields as a linear map 
'Dr{X) on the endomorphisms of J: 

I / 




Vr{X) : ^ ^ Vr{X){^) = x\ \^ 

\I 




\I 

The right-hand side is now solely expressed in terms of the known morphisms 
if, Px, and (1.4) in the defect category, and hence one can explicitly compute 
this map on bulk fields using the rigid monoidal structure. A special case is the 
action of X on the identity field, which is called the (right) quantum dimension 



dimr(X) = 
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For the opposite defect orientation one obtains the (possibly different) map Vi 
and the left quantum dimension dim;(X). 

In section 3 we will perform this analysis of defect actions on bulk fields for a 
certain class of Landau- Ginzburg models and compare the result to the analogous 
computation in the corresponding conformal field theories. These turn out not 
to agree, but they differ only by phases, and moreover these phases cancel in 
compositions Vi{X) o Vj.{X) for elementary defects X (where by elementary we 
mean that all weight zero fields on the defect are multiples of the identity field). 

In any rational conformal field theory the defect maps Vr induce bijective ring 
homomorphisms from the Grothendieck ring of topological defects preserving the 
rational symmetry to endomorphisms of the space of bulk fields that intertwine 
the action of the rational symmetry [FRS3]. 

On the other hand, there also exists the notion of the Grothendieck 
group ii'o(MFbi(iy)) for topological defects in Landau-Ginzburg models, and we 
will see that it again has a ring structure via the tensor product. But since here 
the defect category is only triangulated and not abelian (in the non-semisimple 
case), the elements of the Grothendieck ring are only defined "up to defect con- 
densation", see subsection 3.2 for the precise definition. Nevertheless, despite 
this difference we will show in proposition 3.8 that when restricted to all known 
defects in the models that we consider, the map 

Ko{MFu{W)) ®z C ^ End°(EndMF,,(w^)(^)) (1-10) 

induced by Vr is an algebra isomorphism (we recall that the endomorphisms of 
the invisible defect / are precisely the bulk fields). 

In fact, the observation that the assignment of defect operators to defect condi- 
tions factors through the Grothendieck rings necessitates that the defect operators 
differ on the Landau-Ginzburg and conformal field theory side. As an example, 
a non-zero object in MFbi(Vr) can be zero in Ko{MF\yi{W)) , while the analogous 
statement is never true on the rational conformal field theory side. 

The present paper is organised as follows. In section 2 we review the definition 
of rigid monoidal categories and pivotal structures, and show in explicit detail 
that matrix bi-factorisations in one variable have such structures. In section 3 
these results are applied to the study of defect operators, and we compare the 
action of defects in topological Landau-Ginzburg models with potential W{x) = 
x'^ and A-series M = 2 minimal conformal field theories. Section 4 contains a 
brief discussion into the direction of duality on a higher categorial level, and some 
technical details are relegated to an appendix. 
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2. Right and left duals for matrix bi-factorisations 



In this section we study the category of matrix bi-factorisations of one-variable 
potentials in detail. We explicitly show that this category is endowed with left 
and right dualities, and that in addition it is pivotal. The results of this section 
will be used in the next section where we will analyse the action of defects on bulk 
fields in Landau- Ginzburg models and establish that the dualities are compatible 
with the triangulated structure of matrix bi-factorisations. 

2.1. Preliminaries 

We will now recall the basic definition of matrix bi-factorisations and their 
monoidal structure. More details can be found in [CR]. Let R = C[xi, . . . ,xn] 
and W G i? be a potential with an isolated singularity at the origin, 
i.e. dimic{R/ {diW, . . . ,d]^W)) < oo. We call an i?-bimodule free if the corre- 
sponding left (i? (g)c -R)-module is free. 

A matrix bi- factorisation (of possibly infinite rank) of VI^ is a tuple 

(Xo,Xi,<,df) (2.1) 

where Xj are free i?-bimodules (of possibly infinite rank), and : Xq — )■ Xi, 
'. X\ — y Xq are bimodule maps such that 

(rff od^)(mo) = VT.mo -mo.iy , {d^ o d^){mi) = W.mi - mi.W (2.2) 

for all TTii G Xj. We often represent X by a matrix which we denote by the same 
symbol, X = (/^f). 

Matrix bi-factorisations of W form the objects of a differential Z2-graded cate- 
gory DGj^(iy); its even morphisms = ( t)' 0i ) from X to F are pairs of bimodule 
maps 00 : Xo — lo) 4>i '■ Xi — ?■ Fi, and odd morphisms tp = (^^ t)^ ) are pairs 
of bimodule maps ipQ : Xq -y Yi, ipi : Xi ^ Yq. The composition in DG^(iy) 
is given by matrix multiplication, and its differential d sends a homogeneous 
element ip G HomDGg?(VF) 

(X, Y) to d{ip) = Yip- (-l)l'^I^X. 

Remark 2.1. li (f,ip : X ^ Y are d-closed even morphisms in DG^(iy), to 
establish ip = ip it is enough to show either ipo = ipo or ipi = ipi. The other 
equality then follows because the maps df, df are injective. 

The category of matrix bi-factorisations (of possibly infinite rank) of W is 
defined to be the homotopy category 

MF-(l^)=i70(DG^(l^)), (2.3) 

i.e. MF5^(14^) also has matrix bi-factorisations as objects, and its morphism 
spaces are given by the zeroth (i-cohomology of the morphism spaces of DGjJ(W^). 
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Mostly we will be dealing with the full subcategory MF^^W) of MF^(Vr) 
whose objects are isomorphic to matrix bi-factorisations X of finite rank. We note 
that instead of defining MFbi(Vr) as above one can of course also work exclusively 
with left modules and equivalently define a category MF(Vr (^c 1 — 1 ®c; W). 
However, since our motivation is to describe topological defects, on both sides of 
which Landau- Ginzburg models are defined, we prefer the bimodule language of 
MFbi(PF) to the "folded" boundary conditions of MF{W ®c 1 - 1 ®c W). 

In order to keep the following exposition of the monoidal structure of MFbi(W^) 
simple, let us from now on assume that R = <C[x]. For the general case we refer 
to [CR]. To explicitly describe the monoidal structure we first have to introduce 
some notation to calculate with free bimodules. Every free i?-bimodule M is 
isomorphic to R ®c M ®c R for some complex vector space M. For two vector 
spaces M,N we consider linear maps = Ylimn't'mnCi^^b'^ ^ Homc;(M, iV[a, 6]) 
where a and h are formal variables. From cf) we obtain an i?-bimodule map 
from M to by setting 0(r ®c v (8>c f') = Xlmn ®c 0mn(^) ®c x^r' . This 
gives us an isomorphism Homc(M, iV[a, h]) = Hom/j.^od-ijl^, N). Its inverse will 
be denoted by (""), i. e. for a bimodule map ip : M ^ N we have ■?/' = [tp^a, b)]" . 

We can now recall the monoidal structure of MFbi(H^) from [CR] (see also 
[Yo, ADD, KaR, BR]) where the general definition may be found as well. The 
tensor product on objects is given by 



X®Y = [Xq®bYq®X^ ®r Fi, Xi ®R Fo © ^0 ®r Yi, 

idvo -idxi ®R f df ®r idy„ id^o ®ij d\ 
idxo <^R do df ®R idy, J ' y-idxi ®r d^ d^ ®r idy, 



, (2.4) 



and its action on morphisms is spelled out in appendix A.l, where we also write 
down the explicit associator isomorphism ax,Y,z '■ {X ®Y) ® Z ^ X ® {Y ® Z). 
The unit object I = {R (8>c R, R ®c R, d^, d{) is given by 



[a - b]- 

L a—b J 



(2.5) 



and its left and right unit isomorphisms are 



, V ®R idx„ 00 , 
^x=( n n n ..^ ]-I®X — yX, (2.6a) 



fi^Ridx 



( idxo ®ij At 0\ . . 

^^=^0 idx.®R^^ q)--X®I-^X (2.6b) 

where : R ®c R ^ Ris the multiplication map, fi{r ®c r') = rr'; their inverses 
in MFbi(Vr) are given in appendix A.l. 

Finally, we note that one easily computes EndMFbi(i^)(-^) — R/{dW), which 
corresponds to the fact that defect fields living on the invisible defect are precisely 
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bulk fields. Their identification with endomorphisms of the unit object I will be 
relevant when we discuss the action of defects on bulk fields in section 3. 



2.2. Right duals in MFu{W) 

We now begin the study of duals in MFbi(iy). However, before we can identify 
the relevant structure, it is necessary to present some elementary constructions 
on the level of ordinary bimodules. 

2.2.1. Duals of free bimodules 

Let R and S be commutative C-algebras with augmentation maps Er : R C 
and Es '■ S ^ C In our application we will have R = S = C[x] and Er{x^) = 6k,o, 
but for the moment we keep our discussion more general to keep track of the left 
and right actions more easily. 

The dual of a free -R-S'-bimodule M is the S'-i?-bimodule defined as 
Homij_inod-s'(^, -R ®c S) with bimodule action {s.ip.r){m) = ip{r.m.s) for r G 
R, s E S,m E M,ip G M^. If M is not free, may well be empty, e.g. for 
R = G[x] as an _R-bimodule over itself one has B.omji_^od-R{R, R ®c R) = 0. 

Furthermore, for a map f : M ^ N of bimodules, we have the dual map 

/^lA^v — y , tjji — >^pof. (2.7) 

In the case R = S = C[x] we can write / = [/(a, b)]" using the notation introduced 
in subsection 2.1; for f{a,b) = J2mn fmnO'"^b'^, this gives 

A 



m,,n 



The bimodule M comes together with the natural morphism 

6m -.M-^ M^^ , {6M{m)){^) = anAfim)) , (2.9) 

where a^^s '■ R ®c S S ®c R is the linear map exchanging tensor factors; this 
is needed because elements of M^^ are S'-i^-bimodule maps — )• S ®c while 

ip{m) G R ®c S. Setting m = Su^^i,^) G M^^^, we can compute 

{5li{m)){m) = m{5M{m)) = {SM'^{v)){^M{rn)) = o-s,r((5m("^))(v^)) 

= (^s,Ri^R,siviT^))) = vim) ; (2.10) 

in other words, o Sm'^ = idMv- If M is finitely generated, this implies that the 
map 6m enjoys the property 

= 5,-/v : M^^^ ^ M^ (2.11) 
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Any free -R-S'-bimodule is isomorphic to one of the form M = R ®c M ®c S 
where M is a complex vector space, and we have a natural isomorphism M"^ = 
S ®c ®c see appendix A. 4. 2; in the following we will not write out this 
isomorphism and identify = 5* ®c M* ®c R. Then we have the bimodule 
map 

Cm : M"" M S S (2.12) 

defined via 

{s (8)c ip ®c r) (r' (g)c m (g)c s') i — )■ ^/'(m) snirr') s ®g s' . (2.13) 

If M is finitely generated, i. e. if M is finite-dimensional, then we also have the 
bimodule map 

cm:R(^cR — yM(^sM'^, r(g)cr'i — ^ ^ r.e^ ®c 1 ®5 1 ®c e*.r' , (2.14) 

i 

where {cj} is a basis of M and {e*} is the dual basis of M*. The maps cm and 
Cm will be used in the construction of the duality morphisms for MFbi(W^) below. 

2.2.2. Right duals in monoidal categories 

Before we turn to duals in MFbi(W^), we shall recall the notion of duality in a 
general monoidal category. 

Definition 2.2. A monoidal category (A^, (g), J, a. A, p) is equipped with right 
duality (or is right rigid) if an object is assigned to each object A & Ai 
together with morphisms ev^ : ^ A ^ I and coev^ : / — )■ A ® such that 

Pa o (idA ® ev^) o aA,A'^,A ° (coev^ ^id^) o A^^ = idA , (2.15a) 
Aav o (evA ®idAv) o a^i^^^^v o (idA^ ® cocva) o p^l = idAv . (2.15b) 

Let us introduce a convenient and standard graphical notation to express iden- 
tities like the one above. Reading every diagram from bottom to top, we can 
picture the evaluation and coevaluation maps as follows: 

/ 

; A A"^ A A"^ 

evA = i^'^s^ = ' ^^^^A = = ■ '^^■^^^ 

A'^ A A'^ A : 

/ 

In this language, the conditions (2.15) can be rephrased as the statement that 
the "Zorro moves" 

A A 




(2.17) 
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hold true. We note that here and below we do not explicitly depict the isomor- 
phisms a, A,p and their inverses in such diagrams. Thus identities like the ones 
above may be thought of as true after passing to a strict model of the monoidal 
category [MaL], or one mentally adds the missing parts, e.g. 




(2.18) 



As an example of a right duality one may think of the category of finite- 
dimensional complex vector spaces V together with the standard evaluation and 
coevaluation maps: 

evy : e* ®c i — > Sij , coevy : 1 i — y ^ (g)c e* , (2.19) 

i 

where {cj} is an arbitrary basis of V. In this case one easily verifies that the Zorro 
moves (2.17) hold, which in general abstract the existence of a perfect pairing 
between V and V* in the case of vector spaces. 

Remark 2.3. Let be a right rigid monoidal category with duality given by 
(X^, evx, coevx) for each X G Ai. Suppose that (X', ev^, coev^) is another 
right rigid structure on A^. If we replace coev by coev' in (2.15b), then 

<px = o (evx ®idx') o a]^\ x x' ° (i^xv coev'x) o p^v : X'^ — )■ X' (2.20) 

gives a family of isomorphisms, natural in X. It follows from the Zorro moves 
that 

evx = ev'x °{4>x ® idx) , coevx = (idx ® 0x^) o coev^ . (2.21) 
In this sense, all right rigid structures on Ai are equivalent. 

2.2.3. Right duals of matrix bi-factorisations 

We shall now explicitly identify a right duality structure in the category of matrix 
bi-factorisations for the one- variable case by giving a contravariant functor ( ■ )^ • 
MFbi(W^) — !■ MFbi(IV) and appropriate evaluation and coevaluation maps. The 
mult i- variable case will be discussed in remark 2.8. 
On objects the functor ( ■ Y acts as 

X = (Xo,Xi,<,rff ) ^ = (Xr,Xo^ {d^)\ -{dfr) , (2.22) 
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(2.23) 



(see (2.45) and (2.46) for the many-variable case) and it sends a morphism ip 

We note that with this definition one has = /, cf. the discussion of section 1. 

We will explicitly give the evaluation map evx : X^®X — i- / only for objects X 
that have twisted differentials df{a, b) with entries of polynomial degree less than 
deg{W). This is sufficient, since any matrix bi-factorisation is isomorphic to such 
an object (which in turn follows as MFbi(W^) has a split-generator with this 
property [Dy] and because of [KST, lem. 2.4]), and the evaluation map can be 
transported using this isomorphism (see the proof of lemma 2.4 below for a similar 
argument in the case of the coevaluation). 

For X as above the evaluation map is given by 



evx 



Ax 






Bx Cx 



where we define 



Ax 

Bx 
Cx 
J" 



e\xr ®c ^ ®c id^J o (id_^. ®c id/j ®c do{x, b)) 



a—b 



-exi 
1 
27ri 



(a — b — x) dx 



w{h)) ■ 



(2.24) 

(2.25) 

(2.26) 
(2.27) 
(2.28) 



x{W{x) 

The formal variable x in (2.25) and (2.27) acts by multiplication with x 
on the middle factor in X* ®c R ®c ^i- The integration contour in J-" is 
oriented counter-clockwise and taken to encircle all poles. In other words, 
T{x^) computes the coefficient of x~^ in the expansion of the formal sum 
{a — b — x)x~^^^Y^^=o^i^Y l^i^Y^^-: hence T gives a map C[a,x, 6] — )• 
C[a, 6]. One may verify by direct computation (as we do in appendix A. 2) that 
evx is well-defined and indeed a morphism in MFbi(Vr). 

To present the coevaluation map coevx : / — ?■ X (g) X^ for X G MFbi(H^), let 
"(9 : X — )■ Z be an isomorphism to a finitely generated object Z. Then we define 
o coev^ with 



coevx = (■(? ^ (g) 
/ 



coev^ 



v 





a—b 


(a,a;)®cidfl(g)( 


;id^» — rf(f (fe,a;)(g)(cid/j@5cid^» 




a—b 













o 



n A 



(2.29) 



Again, one verifies by direct computation that this is a morphism in MFbi(VI^). 
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Lemma 2.4. coevx is independent of the choice of isomorphism Furthermore, 
for any morphism ip : X -^Y one has 



{({) ® idjfv) o coevx = (idy ® ip^) o coevy 



(2.30) 



Proof. We first show that (2.30) holds for a finitely generated X. Indeed, one 
readily verifies that 



{if ® idxv) o coevx —(idy ® Lp^) o coevy = if) o I + (Y ® X^) o ip (2-31) 



for 






Vo 



1^1 (a,a;)®i{id^ V -<p\ (fe,3;)(8iiiid^ v 
a—b 








: / 



Y ®X^ 



(2.32) 



and hence (2.30) is true in MFbi(W^). 

Now let X e MFbi(l^), and let ^9 : X ^ X/ and ^9' : X -> X} be two 
isomorphisms to finitely generated matrix bi-factorisations. Then 

coevx = (t9"^ ® ^'^) o coevx^. = (^9"^ ® ((d'^ o {d'-^Y o ^9^)) o coev^^ 

= ((^9-1 o ^9 o ^9'-i) ® ^9'^) o coevx^, = (^9'-^ ® ^''^) o coevx^ , (2.33) 

where we used (2.30) for Xf and X^. Thus coevx is independent of the choice of 
isomorphism. 

Finally, we prove that (2.30) holds for arbitrary X, F G MFbi(W'). Let ^9 : X 
X/, 7] : y — )■ Y} be isomorphisms to finitely generated matrix bi-factorisations and 
define $ = r/ o o : Xj — )■ Yf. From this it follows that o $ = o t?"^ and 
■i?"^ o <|)^ = o r/"^, so we find 

((y9 ® idxv) o coevx = ((v^ o i?^-'^) ^9^) o coev^^ = {{rj^^ o $) (g) -i?^) o coev^j. 

= (r]""^ ® (-i?^ o o coevy^, = (?7"^ (g) (y^^ o rf)) o coevy^ 
= (idy ® ip^) o coevy , (2.34) 

which concludes the proof. □ 

Now that we have introduced all the ingredients, we can show that the functor 
{■Y and the morphisms evx,coevx endow MFbi(Vr) with a right duality. The 
following result is proved in appendix A. 3. 

Theorem 2.5. For all X G MFu{W) we have 

Px o (idx ® evx) o ax,x-^,x ° (coevx ®idx) o A^^^ 
Xxv o (evx ®idxv) o xx^ ° (i^x^ ® coev^) o = i'^xv 

i.e. the Zorro moves hold true, and MFbi(Vr) is right rigid. 



idx 

id; 



(2.35) 
(2.36) 
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In fact, the proof shows that the Zorro moves even hold in DGbi(Vr). 
In pictorial language, the identity {ip ® id^v) o coevx = (idy ® ip^) o coevy of 
lemma 2.4 reads 

(2.37) 



9? 



Using both Zorro moves we can readily derive the analogous expression for the 
evaluation map: by appending curved lines to the right and left of equation (2.37) 
it follows that 




[flA 




(2.38) 



Thus we have found: 

Lemma 2.6. For any morphism : X — F in MFbi(W^) one has 

evy o(idyv ® if) = evx o(v^^ ® idx) • 



(2.39) 



Another simple application of (2.17) and the above lemma is to show that our 
definition of ^p^ in (2.23) agrees with the canonical definition of a dual morphism 
in a rigid category. 




(2.40) 



In diagram-free language, this reads 



V?^ = Axv o (evy ®idxv) o ayl x ° (idyv ®{ip® id^v)) o (idyv ® coev^) o pyl . 

(2.41) 

We note that if the dual of a morphism is defined as above, then the identi- 
ties (2.37) and (2.38) immediately follow by applying Zorro moves. 

Lemma 2.7. We have ev/ = A/ = p/ and coev/ = A^^ = p7^ MFbi(Vr). 

Proof. By direct computation one finds A/ocoev/ = id/ in DGbi(W^), and therefore 
coev/ = A7^ = in MFbi(W^). 

The (1, l)-entry of the (2 x 2)-matrix ev/ oA^"*^ is given by Ai o [1 ®^ id/^]" which 
is equal to 



1 
27ri 



(a — 6 — x)dQ{x, b)dx 
x{W{x) - W{b)) 



-| A 






.27ri/ 



{a — b — x)dx 
x{x — b) 



id/o. (2.42) 
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By remark 2.1, this determines the (2, 2)-entry to be id/j , and we have ev/ oA^ = 
id/ in DGbi(Vr) and thus evj = Xj = pj in MFbi(Vr). □ 



Remark 2.8. Let us explain the relation between the duality structure discussed 
here and the one relevant for the category MF(W^) of matrix factorisations (de- 
scribing boundary conditions, not defects). This will allow us to argue that 
MFbi(W^) is expected to be right rigid also in the multi- variable case. 

(i) For an object Q = ( ° ) ^ MF{W), its dual is given by Q* = ( °. 7'* ) G 
MF{—W). This is the natural choice in the sense that we have isomorphisms 
of complexes 

HomDG(iy)(Q, P) = (Po © Pi) ®fi (Qo © Ql) (2-43) 

where the differential on the right-hand side is the matrix factorisation 
P ®_R Q* of zero [KaR]. Furthermore, there are isomorphisms 

HomMFbi(iy)(^'* ©c QJ) = F[omMF{w){Q, P) , 
HomMFM(W')(/, Q ©c P*) = HomuFmiP, Q) , (2.44) 

see e.g. [BRR, DM]. However, for a potential W in N variables we define 
duals as follows in MFbi(Vr): we set 

\[{d^y{bi,...,bN,ai,...,aN)T J 

(2.45) 

and 

for objects X and morphisms ip in MFbi(W^), where T is the shift functor 
(cf. section 3.2). We note that the definition of coincides with (2.22) 
in the one-variable case. The crucial fact, proved e.g. by generalising the 
method of [ERR] or the homological perturbation lemma analysis of [DM],^ 
is that only with this definition do we have the natural (in X and Y) 
isomorphisms 

HomMF.KH/) © X, J) = HomMF.KH/) {X, Y) , (2.47a) 
HomMF^d^) (I, X ® r^) = RomuFUW) (Y, X) (2.47b) 

in MFbi(W^). Using X* instead of gives rise to quasi-isomorphisms of 
non-zero degree in DGbi(W^) if N is odd, which hence do not induce iso- 
morphisms in MFbi(W^), and the physical condition /"^ = / is only satisfied 
for the correct dual ( ■ )'^- 

^We thank Daniel Murfct for a helpful discussion on this point. 
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(ii) It is expected that one can use the isomorphisms (2.47) to prove that 
MFbi(H^) is right rigid also in the general multi- variable case. Indeed, natu- 
ral candidates for the evaluation and coevaluation maps can be constructed 
as the preimages of the identity (for X = Y) under the isomorphisms (2.47). 
Naturality in X and Y of the maps (2.47) then implies that for any mor- 
phism ip : X ^ Y we have evy o(idyv ® yj) = evxo(v^^ ® idx), i- e. the 
statement of lemma 2.6 holds. 

Nonetheless, it would have to be checked separately if the Zorro moves 
are satisfied, and to do this explicitly is (in principle straightforward yet) 
rather involved for general W. In this paper we are concerned with the one- 
variable case and we leave the multi-variable expressions for the evaluation 
and coevaluation maps to future work. 

(iii) In the one-variable case we saw that the unit object is equal to its dual. In 
the many-variable case this is no longer true for our choice (2.46) of duals. 
However, it is straightforward to construct an isomorphism 7 : — /; 
one finds that 7 is given by a symmetric permutation matrix (with some 
negative entries). 

From part (ii) above we expect that there exists a right rigid struc- 
ture (X^, evx, coevx) on MFbi(iy); let us assume that this is the case. 
By remark 2.3 all such structures are equivalent, and hence one could 
choose another right rigid structure on MFbi(W^) which coincides with 
(X^, evx, coevx) for all X I, but for which the duality maps of / are 
defined by 

ev/ = A/ o (7 (g) id/) , coev/ = (id/ (g) 7"^) o (2.48) 

One easily verfies that ev/ and coevj as above satisfy the Zorro moves. We 
note that the statement of lemma 2.7 can be rephrased as saying that with 
evx and coevx as given in (2.24) and (2.29), equation (2.48) holds with 
7 = id/. 

2.2.4. R-charge 

Instead of MFbi(Vr) one may also consider the category of graded matrix bi- 
factorisations MF^^{W), see e.g. [HWa] and appendix A. 4. Its objects are matrix 
bi-factorisations X together with invertible even bimodule maps U^{a) : Xq © 
Xi — )■ Xq © Xi for all a G C subject to a group law (see appendix A. 4) and such 
that 

U^{a) o [X(e^''-"a, e''^^°b)Y o U^{a)-^ = e'°X (2.49) 

for all a G C. Here we take W to be homogeneous of polynomial degree d and 
qx = 2/dis the charge assigned to x m. R. A morphism ip G Homj^pR (X, F) 
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is the same as a morphism in MFbi(Vr); it has R-charge p if 

U^{a) o [(^(e^'?-°a,e'«-"6)]" o U^{a)-^ = e'^"*^ . (2.50) 

It is shown in [CR, sec. 2.3] that with U\a) = (l ^ia{q^-i)), the isomorphisms 
ctx, ^x,Px and their inverses have R-charge zero. 

The dual of a graded matrix bi-factorisation (X, U^{a)) is 

(X^,e'°(«--i)(f^^ (2.51) 

With this definition we have 1 = 1^ also as graded matrix bi-factorisation, and 
one can check that both evx and coevx have R-charge zero. More details can be 
found in appendix A. 4. 

2.3. Pivotal structure 

The notion of a pivotal structure^ will be needed when we derive the properties of 
defect operators in the next section. We will first state the general definition and 
then show that MFbi(Vr) has a natural pivotal structure (and also left duals). 

2.3.1. Definition and properties of pivotal structures 

Let be a right rigid monoidal category as in definition 2.2. We obtain a 
contravariant functor {-Y : M. ^ M. which acts as X X^ on objects and 
as (2.41) on morphisms. This functor can be equipped with a natural monoidal 
structure (( ■ Y , z/^, z/°), where : / — > /"^ is an isomorphism and z/^ is a natural 
family of isomorphisms 

: X^ ® — y{Y^ Xy . (2.52) 

Both z/° and z/^ are given in terms of the right rigid structure, namely, z/° = 
A/v o coevj and 

{Y XY 




= A(y®x)v o (evx &d(^Y(x,xr) o ax^x,{y®x)v ° (i^x^ ® (Ax ® id{y®x)v)) 
o (idjfv ® ((evy (g)idx) ® id(y55X)v)) 

O (idxv ® ((ttyv,y,x ® id(y®X)v) O tty v ^y^x,(y®X) v ) ) 

^For a more detailed discussion of pivotal structures one may e. g. refer to [FY] (in the strict 
case), [Ml, sec. 3.1] (where the name "sovereign" is used), or [Mg]. 
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o (idjfv ® (idyv (g) coevy^x)) ° (idxv ® Pyl) . 



(2.53) 



The isomorphisms z/^y and have to satisfy the coherence conditions of a 
monoidal functor: using repeated Zorro moves and (2.40) one verifies that the 
three diagrams 



^{Y(g)xy(g)Z 



(z® (r®x))^ 



® (yv ® Z^) ""^^■'^ ) g) (Z ® F)v ) {{Z ® F) ® X)^ 



and 



(2.54) 



J®X^ 



X^ 



^x^ 



X^0J > x^ 



(/®X)^ 



(2.55) 



commute. 

We will need the covariant monoidal functor (( ■ )^^, w^, w^) whose isomorphism 
data are given by 



a;0= ((zyO)-i)%zyO:/ 



rVV 



V vv : X^^ ® F^^ 



(X®F) 



vv 



(2.56) 



It follows from a straightforward calculation using the Zorro moves and from 
definition (2.41) of the action of ( • )^ on morphisms that these morphisms satisfy 
the following equalities: 



Ooly = {Xy^y^ O Ayvv O ® idyvv) , 

'^1,1 = (Px^^ ° Pxvv o (idxvv ® (u;°)"^) . 



(2.57) 



Let Ai and A4' be monoidal categories, and let F = {F, F"^, F^) and G = 
[G, G^, G^) be covariant monoidal functors Ai — )■ Ai'. We recall that a monoidal 
natural transformation is a natural transformation 7] : F ^ G such that 



F(X) ®' F{Y) 

G(X) ®' G(F) 
commute. 



i?2 



■F(X®F) 



'-'X.Y 



VXi»Y 



and fo 



■G(Xg)F) 



F(/)^G'(/) 



(2.58) 
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Definition 2.9. A pivotal structure on a right rigid monoidal category is a 
monoidal natural isomorphism Id =^ ( ■ )^^- We will call a right rigid monoidal 
category with pivotal structure a pivotal category. 

Let tx '■ X X^"^ be such a pivotal structure. It is proved e. g. in [Sch, 
prop. A.l (journal version)] that tx automatically satisfies the identity 

t-l = {t^y : X^^^ ^ . (2.59) 

Also note that any two pivotal structures tx and Sx on a given right rigid 
monoidal category Ai differ by a monoidal natural isomorphism of the iden- 
tity functor, namely otx- In other words, if Ai allows for a pivotal structure, 
the set of all pivotal structures on Ai forms a torsor over the group of monoidal 
natural isomorphisms of the identity functor. 

We will later need to compare different pivotal categories. To prepare the 
definition, suppose we are given two right rigid monoidal categories C and P, 
and a monoidal functor {F, F"^, F^) : C V. By remark 2.3, we can construct a 
natural isomorphism ip : F o (^-y ^ (■)^oF. Namely, 

-ipx = Af(xv) o (ev^ (g)idF(xr) ° ^f\x'^),f(x),f(xy ° (idF(x)v ® coev^(^)) o Pp]^j^v) 

(2.60) 

where ev;^ is given by 

ev^ = (f(XV) ® Fix) ^fl^ Fix- ® X) ^tjsL^ pil) /) . 

(2.61) 

Definition 2.10. Let C and V be pivotal categories with pivotal structures t'^ 
and t^. A monoidal functor (F, F^, F^) : C — )■ P is called pivotal if 

t3ix) = ii^x'y ° o F(4) : Fix) ^ F(X)^^ (2.62) 

for all X G C. Two pivotal categories are pivotally equivalent if there are pivotal 
monoidal functors F : C V and G : V ^ C, such that F o G and G o F are 
naturally isomorphic to the identity functor. 

Remark 2.11. (i) Let F : C — ?■ "D be a pivotal monoidal functor between two 
pivotal categories which is essentially surjective. This implies that F is an 
equivalence of monoidal categories. However, it does not imply that C and 
T> are pivotally equivalent, because there may not exist an inverse functor 
G : V ^ C which is also pivotal. 

(ii) We say a pivotal category is strictly pivotal if ( ■ )^^ = Id and tx = idx for 
all X. Given a pivotal category C, in [JS] a strictly pivotal category Cstr 
is constructed such that there is a pivotal functor F : C — )■ Cstr, which is 
essentially surjective. However, C is in general not pivotally equivalent to 
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2.3.2. Left duals 



Let Ai he a right rigid monoidal category and for X & Ai let tx '■ X ^ be 
a collection of isomorphisms (which need not be natural). Using the maps tx we 
can define left duals, i. e. "tilded" evaluation and coevaluation maps: 

evx = evxv o(tx ® id^v) : X (g) X'^ — > I , 



coevx = (idxv 
Pictorially we present these as 
/ 



ty^) o coevxv : / — > X"^ iS) X . 



evx 



X X^ 



X 



coevx 



X 



X 



(2.63) 



(2.64) 



and by construction evx,coevx satisfy the Zorro moves 

XX X"^ 



X^ 





x"- 



(2.65) 



XX x"^ 

since evx,coevx satisfy (2.17). 

Left and right dualities defined as above satisfy the following standard identities 
which we will need in the next section; for the convenience of the reader, we have 
included a proof in appendix A. 5. 

Lemma 2.12. Let M. and tx be as above. 

(i) t is a natural isomorphism Id ^ ( ■ )^^ iff for all X,Y & M. and all <^ : X — )■ 
Y we have 

XV , , X^ 



(2.66) 



(ii) If t is a natural isomorphism, then t is monoidal iff for all X,Y E M. one 
has 



(x^y) 



(x^y 




yv X 




(2.67) 
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2.3.3. Pivotal structure for matrix factorisations 



After the general discussion, we now turn to MFbi(Vr). For any X G MFbi(Vr), 
we can use bimodule maps from (2.9) to obtain the following isomorphisms 
in MFbi(iy), which we also denote by 6, 











: X 



X 



vv 



(2.68) 



Theorem 2.13. 5 : Id 



\vv 



endows MFbi(Vr) with a pivotal structure. 



Proof. We first show that 5 really is a natural transformation. This means that 
for any ip G HomMFbi(VK)(-^; Y) we must have y?^^ o 5x = 5y o ^- Writing out this 
condition as a matrix equation, it immediately follows from the corresponding 
identity on the level of bimodule maps. Indeed, for m G Xj and w G we have 



= ((^y, °V^)M)(w)• 



(2.69) 



Now we shall prove that 6 is also monoidal. By lemma 2.12(ii), doing so is 
equivalent to establishing that 



(Y^xy 




L :-- 



for all X, y G MF^i{W). Note that L 




R 



(2.70) 



as in (2.53). 



Written in terms of their matrix representatives, L and R are of the form 



* 






(Y0®X^)^^ 

(Vi cg)Xi)^ 



v 



* 
* 





(x^)i®(y^)o 


* 



(x^)o^(y^)i 

\ 





(2.71) 



where the column and row labels indicate the entries' source and target, respec- 
tively, as dictated by our convention (2.4) for tensor products (here and below, 
"(g)", when applied to i?-bimodules, stands for "®/?"). Recall also from (2.22) 
that (X'^)o = X/, etc. A straightforward but tedious calculation (aided by the 
fact that certain entries of A, p and ev, ev are zero) shows that both L and R have 
only one non-vanishing entry in each Z2-degree, e. g. Lq = ( q ) with 



lu 



o Axo (idxv (g) (/i o Ay) ® idx,,) | ® id(yi 
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o I idxv (8> idyv 



— — ^ ®c idi? ®c id^Y.^j^^Xo)* 



O 7r^°^° O Cygjx 1 O 



id^v ® [idy-^. (g)c 1]' 



(2.72) 



where 7r^°^° projects to Fi(g)Xo® (Fi®Xo)^, and similarly for Rq = (^°^ []). These 
expressions can be simplified (in a way very similar to (A. 15)) and one finds 



hi = f ° (d^^ (g) idyv j , r2i = go (^idx^ ® rf. 



with maps 



' 



/ : ® ^ i? ® X* ®R*(g)Y*(g)Rc ((F ® X)^) 

^ : Xi^ ® y;7 — ^ ^ ® ^R* ®Y* ®Rc {{y ® x)^)^ 



(2.73) 

(2.74) 
(2.75) 



given by 



/ 



R R* R 



R R* R 



m 



n if* n V* n 
It v\q It 1 1 It 

where F : C[x] ^ (C[y], ^ ^"'^^ 



(2.76) 



R XI R Y^ R 

w{x)-w{y) appropriate variables x and y, 
and we implicitly insert the multiplication /i where the dotted i?-lines meet. (The 
map F arises from T in (2.28) after composing with /i in (2.78), which cancels 
the a — h part.) 

We now claim that L — R is nuU-homotopic, so that L = R in MFbi(W^). To 
show this we will use the fact that two morphisms 0, : Z — t- in MFbi(W^) 
are the same if (but not only if) 0o and ipo induce the same maps coker((if ) — >• 
coker((if ), see e.g. [Ei]. 

As a first step we note that 

E? Y* E?* V* E? 



R'n 



g' o (idxv ® dl 



yv 



F 



(2.77) 



It J^-y It 1 Q It 
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induces the same map on cokernels as Rq. This follows from the identity vr o / = 
IT o g where vr denotes the projection to the cokernel. This last identity, in turn, 
follows since F{x^) = cq ■ 1 + Ci ■ W{y) + C2 ■ W^yY + ... for some fc-dependent 
numbers Cj G C, and after composing with vr the left action of on a bimodule 
equals the right action of W. As a result there is a morphism R' with R = R' in 
MFbi(H^) whose even component is R'q. 
Secondly, consider the odd map 



(x^)o®(y^)o (x^)i®(y^)i (x^)i®(y^)o (x^)o®(y^)i 



(yo ® x^Y 

{Yx®X^Y \ 












e 




/ 








-9 






(2.78) 



with 



R XI R* Y,* R 







F 



(2.79) 



R if* r? V* r? 
It v\q It 1 Q It 

This provides a homotopy between L and R' . Indeed, one can directly verify that 
L — R' and S^'^^^^ o h + h o d,-^^®^"' induce the same map cokei{d^"' ) — )■ 
coker(rf(^®^)"). □ 

Setting t = 5 in subsection 2.3.2, it follows that matrix bi-factorisations also 
have left duals. There is an analogous result to lemma 2.7 (and also a result 
analogous to remark 2.8(iii)): 

Lemma 2.14. We have ev/ = A/ = p/ and coev/ = A7^ = p7^ MFbi(iy). 



3. Defect action on bulk fields 

As described in the introduction we can use the duality structure of MFbi(PF) to 
study the action of defects on bulk fields. To do so, we first study the general 
situation of a pivotal monoidal category and then specialise to MFbi(Vr). We 
also compare the results obtained this way to the description in terms of the 
associated rational conformal field theory. 
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3.1. Action on End(/) for pivotal categories 

Let Ai he a right rigid monoidal category with pivotal structure 6. Then we also 
have left duals on A4 as in subsection 2.3.2. Given an object X G A^, one can 
define the maps 

Vi{X) , Vr{X) : End(/) — > End(/) (3.1) 
as follows. For : J — )■ / we set 

Vi{X){(p) = evx o(idxv ® (Ax o (y? (g) idx) <=> A^^))) o c'oevx , (3.2a) 
Vr{X){(p) = evx o (((px o (idx ® v^) o p^^) (g) id^v) o coevx • (3.2b) 

In pictorial notation, this amounts to 




A(X)(^) 



[Jl 




X , Vr{X){^) = X 




(3.3) 




; / ; / 

as in (1.8). 

Lemma 3.1. For all X,Y E Ai we have: 

(i) Vi{I) = id = Vr{I), 

(ii) if X = r then Vi{X) = Vi{Y) and Vi{X) = Vi{Y), 

(iii) Vi{X®Y)=Vi{Y)oVi{X), 

(iv) Vr{X ® r) = Vr{X) O Vr{Y), 
(v) Vi{X'')=Vr{X). 

Proof. For part (i) we note that since 6 is pivotal, 6i = as given in subsec- 
tion 2.3. Substituting the definition (2.63) of evx and coevx (with tx = Sx), 
after a short calculation one arrives at the assertion. 

Part (ii) is a consequence of (2.37) and (2.38) as well as the naturality of X, p 
and S. 
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(iii) & (iv): It follows from (2.67) that 




(X Yf 




(3.4) 

where we used two Zorro moves in the second step. With this we can compute 






V 




(3.5) 

which is equal to {Vi(Y) o Vi{X)){^). Vr{X O F) = Vr{X) o Vr{Y) is proven in 
a similar way. 
(v): We have 

A(X^)((/?) = evxv o (idxvv ® [Ax^ o [ip ® id^v) o A^l]) 
o (idxvv 5^v) o coevxvv 

= evxv o (idxvv ® [Axv 0(^9® idx^) o A^^v]) o (5x ® idx^) o coevx 

= evxv o[5x ® idxv) o ([p^ ° (idx ® V^) o Px^] ® id^v) o coevx 

= Vr{X){v), (3.6) 

where step (1) amounts to (2.59), that is ((5xv)^^ = 5^, as well as (2.30), and in 
step (2) the identities (idx ® \y) ° oix,i,y = px ® idy : {X ® I) ®Y ^ X ®Y 
and their inverses are used. □ 

In the defect picture, the above identities have immediate physical interpreta- 
tions. For example, (i) simply expresses the fact that the action of the invisible 
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defect leaves bulk fields invariant, independent of the orientation of the invisible 
defect. Similarly, (v) must be true since wrapping a defect X counterclock- 
wise around a field is the same as wrapping the orientation reversed defect 
clockwise. Properties (iii) and (iv) imply in particular that quantum dimensions 
behave multiplicatively under fusion, and one can use these properties to put 
constraints on the fusion decomposition. 



3.2. Action on End(/) for MFw,{W) 

Let us now consider the category MFbi(W^). In the case of one variable, we can 
use the explicit expressions for ev^, coev^, A^^, p^^ from the previous section to 
make the defect action (3.2) on bulk fields ip G EndMFbi{w^)(-^) concrete: 



1 

27ri 

1 
27ri 



tr ((i^(x, b)d^{x, a)if>o{x)) dx 
{W{x) -W{b)){b-a) 

tr [d^i^a, x)df{b, x)lpq{x)) dx 



■id, 



-\ A 



■id. 



(3.7a) 
(3.7b) 



{W{x) -W{a)){b-a) 

The details of this calculation can be found in appendix A. 6. 

As we will recall momentarily, matrix (bi-)factorisations form a triangulated 
category [Ne] , and the goal of this subsection is mainly to study the compatibility 
of the rigidity of MFbi(M^) with its triangulated structure. The distinguished 
triangles of MFbi(Vr) are isomorphic to sequences of the form 



X 



C(^) 



-^TX 



(3.8) 



see e. g. [Or]. Here the cone C{ip) of a morphism ip G HomMPf (vy ) (-^j ^) is given 
by 

/ -d^ \ 



C(^) 











dY 













V ^1 







0/ 



where the matrix gives a bimodule endomorphism of Xi 
shift functor T acts as 







d^ 











-d^ 

"0 



LpO 

'fi 



Yo®Xo 



ipo 



(3.9) 
Yi. The 
(3.10) 



on objects and morphisms, respectively, and the two universal morphisms in (3.8) 
are 

/O 0\ 



id 

\0 id/ 



id 
id 



(3.11) 
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The Grothendieck group -ft'o(MFbi(Vr)) is the free abehan group of isomorphism 
classes of objects in MFbi(Vr) modulo the relations [X] — [Y] + [Z] = for all 
distinguished triangles X — )■ F — )■ Z — )• TX. 

The following lemma says that the tensor product of MFbi(W^) induces a well- 
defined product on Ko{MFuiW)), thus endowing it with a ring structure, and 
that the functor ( ■ Y induces a well-defined map on i^'o(MFbi(W^)). 

Lemma 3.2. Let X ^ Y ^ C{ip) — t- TX be a distinguished triangle in 
MFbi(W^). Then 

[x^] - [r-] + [Ci^y] = 



in KoiMFuiW)), and 



z^x^z 



X^Z^Y- 



F^Z®C(^)^Z®TX 



(3.12) 

(3.13) 
(3.14) 



are also distinguished triangles for all Z G MFbi(Vr). 

Proof. Y^ ^ X^ ^ Ci^"") ^ TY^ is a distinguished triangle, so we have the 



0. But since (( ° -'"^^ ' ^ '"^ 



V id 



'q )) is an isomorphism 



relation [XV] + [C(^v)] _ ^^^^ ^ 

from C(v9^) to T{C{^Y), the identity (3.12) follows. 

To show that (3.13) is a distinguished triangle we observe that there is an 
isomorphism of triangles 



X^Z 



Y ^ C(id ® if) ^ T{Z ® X) 



(3.15) 



id 



z®x 



id(X)i/3 



id 



^Z®Y 



id^Cv: 



C(^) 



id(g)£ 



4Z 



"I- 

TX 



where the maps $ and \1' are given by 



// 





id 0\ 

id 

id 

\ id/ 



/O -id 0\\ 

id 

id 

\0 









0\ 



'^^ id 
\\0 id/\0 Oid// \0 -idO/ 

(3.16) 

That the squares in (3.15) commute easily follows from matrix multiplication. 
Checking that (3.14) is also a distinguished triangle works analogously. □ 



/O 
id 




-id 







Lemma 3.3. The map C : [X] i— )■ [X^] defines an involutive ring anti- 
homomorphism on ii'o(MFbi(Vr)). 

Proof. By lemma 3.2, ii'o(MFbi(Vr)) is a ring and C is a well-defined map. The 
isomorphism (2.52) shows that C([X]) ■ C{\Y]) = [X^ ® F^] ^ ^ x^] = 
cm ■ [X]). □ 
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Lemma 3.4. (i) If X — )■ F — t- Z — t- TX is a distinguished triangle in 
MFuiW), then Vi{X) - Vi{Y) +Vi{Z) = = Vr{X) - + Vr{Z). 



(ii) 



VriTX). 



Proof, (i): This follows immediately from the explicit expressions (3.7) and (3.9) 
as the (off-diagonal) morphism dependent part of the cone cannot contribute to 
the trace in (3.7). 

(ii): By the axioms of triangulated categories, X — )• F — C{ip) — )■ TX is a 
distinguished triangle iff F — )• C{ip) — > TX — )• TY is distinguished, and one 
easily checks that C((y9) = for an isomorphism ^p. Hence if we set X = Y and 
ip = idx, then it follows from part (i) that Vi/r{X) = —Vi/r{TX). □ 

The above lemma shows that the maps Vi/r descend to -K'o(MFbi(Vr)). From 
their explicit form one also sees that the operators Vi/r are degree preserving. In 
other words: 

Proposition 3.5. In the one-variable case the maps Vi/r induce ring (anti-) 
homomorphisms 



We expect this to remain true in the case of many variables. 

Remark 3.6. There are alternative methods to compute the action of defects on 
bulk fields. Instead of using rigidity as in (3.3) one may also employ the folding 
trick. Indeed, it suggests that an action Vx of a defect X on a bulk field is 
obtained as the one-point-correlator of viewed as a field in the folded theory, in 
the presence of the boundary condition Bx corresponding to X. More precisely, 
one expects ^^^^^ 



to hold for all bulk fields (f^ip, where the left-hand side is a bulk correlator, and 
the right-hand side is a one-point-correlator of a bulk field in the presence of a 
boundary condition. 

In the case of topologically B-twisted Landau- Ginzburg models, such corre- 
lators can be computed with the residue formulas of [Va] and [KL2, HL] (see 
also [Se, Mf, DM]): The two-point-correlator in the bulk is given by 



End (EndMFbi(W')(-^)) • 



(3.17) 




(3.18) 



1 



/ 



(fip dxi A ... A dxN 



(3.19) 



(2vri) 



N 



mw\=i} 



diW...dNW 



29 



and the one-point-correlator of a bulk field in the presence of a boundary 
condition described by a matrix factorisation Q is 



1 / str [diQ . . . SnQ) da;i a . . . a <\xn „„x 

<^>« = (mF /„«.v.|.., a,H'...a.«' ■ 

Thus we can read off from (3.18) that the defect action T>x is given by 

1 f ^ str {d^^Xdy^X . . . dy^X) dxi A . . . A dxN , . 

^ (27ri)^ d^,W...d^,W ' 

where the right-hand side is an element of the Jacobi ring of W in the variables. 
In the one- variable case one can check that the above Vx precisely coincides with 
our defect operator Vi{X) in (3.7a) for all the classes of examples that we will 
discuss below. 

Another way to arrive at (3.21) is to use the theory of differential graded 
categories as follows. The space of bulk fields is isomorphic to the Hochschild 
homology HH,(DG{W)) [Dy, thm. 5.7], on which the action of X e MFbi(iy) 
induces a map [Sh, thm. 3.4] in terms of the canonical pairing on H H,{DG{W)) 
and the Chern character of X. Using [PV, cor. 4.1.3] to make this explicit for 
Landau- Ginzburg models, one recovers (3.21). 

3.3. Examples 

All explicitly known matrix bi-factorisations oi W = x'^ are isomorphic to direct 
sums of two distinct families of objects in MFbi(x'^) [Or, ADD]. One of these is 
formed by the factorised matrix bi-factorisations 

= (1. n1 ®€ (u-, , ^,Je{l,...,d-l}. (3.22) 



a"-' y ^ \b'^-i , 

The other family is made up of elements labelled by all subsets S C {0, . . . ,d — l} 
and given by 

Ps^(., ° „ (3.23) 



yP{o,...,d-i}\s 

where ps(a, b) = Ylif^si'^ ~ ^^^) ^^"^ ~ ^'^^^'^ ■ In this subsection we study the 
action of such defects on bulk fields. We shall find agreement (up to phases) 
with results obtained by a dual description in terms of rational conformal field 
theory, and that the maps (3.17) are bijective when restricted to the subring of 
-K'o(MFbi(x'^)) generated by the isomorphism classes of (3.22) and (3.23). 

It was shown in [BG, sec. 3.3.2] that [F^j] = in /s:o(MFbi(x'^)), and a direct 
computation using the explicit expressions (3.7) shows that also 

I),/,(F,J = 0, (3.24) 
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as has to be the case by lemma 3.4. 

Turning to the rank-one matrix bi-factorisations P5, we will now compute 
Vi{Ps). Let us identify with (^J ) e EndMFM(VF)(^) = R/idW). Substitut- 
ing (3.23) into (3.7a) we find 



X 



2niJ {xd-¥){b-a) 



E 

k=0 

E 

k€S 

kes 



jUi^siv'^b - rfb) n;gs,;^fc(^'fe - ria)r]\b 



— a] 



]\^^^,{v''b-Ti'^b){b-a) 



(3.25) 



where we used that a = 6 on EndMFbi(vy)(-^) ^he last step. Similarly one obtains 



P,(P5)(a:') = $^r/-(^+^)V 

kes 



(3.26) 



In the one-variable case with potential W{x) = x'^ the bulk two-point- 
correlator (3.19) simplifies to {x"^ x^) = 6i^j^d-2- Hence it follows from (3.25) 
and (3.26) that Vi and are adjoint in the following sense. 

Proposition 3.7. Let X G MFbi(x'^) be isomorphic to a direct sum of objects of 
the form (3.22) and (3.23). Then 



mX){^)i;) = {^VriX){i;)). 



(3.27) 



This result has a physical interpretation. Let us consider a worldsheet that 
is the Riemann sphere and that has two field insertions around one of which a 
topological defect is wrapped counterclockwise. As the defect is topological, the 
associated correlator has the same value if the defect is moved around the sphere 
to wrap the second field insertion: 






(3.28) 
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Such a relation is expected to hold in any category of matrix bi-factorisations. 
Indeed, if we replace Vi{X) by Vx as in (3.21) and Vr{X) by Vx^^, then one 
easily checks that equation (3.27) holds in general. 

We close this subsection by proving that the maps (3.17) are bijective on all 
explicitly known matrix bi-factorisations of x'^. 

Proposition 3.8. The linear maps 

Vi/r ■■ MMFuix'')) ®z C End°(EndMF,i(-'*)(^)) (3-29) 

are surjective algebra (anti-)homomorphisms. Furthermore, when restricted to 
the subalgebra generated by elements of type (3.22) and (3.23) they are isomor- 
phisms. 

Proof. To see that is surjective (the case of Vr works analogously) we will 
show that {T';(P{fc})} with A; G {0, . . . , — 2} is a basis for End°(EndMFbi(x'')(-^))- 
As EndMFbi(a."')(-^) — R/{dx'^) is {d — l)-dimensional, an arbitrary element of 
End°(End]v[Fbi(xd)(-^)) is of the form diag(ao, . . . , ad-2) with ai in C. Let us 
write such an element as Ylt^^i^^- Then by (3.25), Vi{P^k}) is identified with 

If we define numbers = \ T^i=Q air]~''^'^~^^\ then any J2k=o'^i^^ given by 
T.t=l f^MPik}) = Tl'JaPk THzlv^^^^^h^ = Et5"/X', where we set aa-i = 0. 
Thus Vi and V^. are surjective. 

As a first step to prove the second part of the proposition, we observe that it 
follows immediately from (3.25) and (3.26) that 

Vi/riPs) + Vi/riPs') = Vi/riPsuS') + '^l/riPsnS') (3.30) 

for all S,S' C {0, . . . , c/ - 1}. Let us denote by P C Ko{MFu{x'^)) ®z C the 
subalgebra generated by all [Ps]- Then for Vi/r\-p to be injective, we also must 
have [Ps] + [Ps'] = [Psus'] + [Psns'] in V for compatibility with (3.30). This is 
indeed true, as we have distinguished triangles 

Ps Psus' > C(<l>) > TPs (3.31) 



where 

/ PS'\{SnS') \ 



(3.32) 



1 
1 

V Ps\{Sns')J 

and by row and column manipulations one can show that C($) = Ps'- 

We now conclude the argument that 2^//r|-p is bijective by simple linear al- 
gebra. Let us introduce a vector space V whose basis is labelled by all non- 
empty subsets of {0, . . . , — 1}, V = C{es}, and a linear map f : V ^ 
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End (EndMFbi(x'')(^)) with /(e^) = Vi/r{Ps)- Since / is surjective, Ker(/) is of 
codimension d — 1. A convenient basis of Ker(/) is 

{e{o,...,d-i}} U {es - E^es^{^}\ \S\ > 2} , (3.33) 

which is missing e{j} with i = 0, ... ,d — 2 to he a basis of V (the element 
€{0} + ■ ■ ■ + ^{d-i} is contained in the span of the above vectors) and so has 
the correct dimension. Define the hnear map g : V ^ Kq{MFu{x'^)) ®z C via 
g{es) = [Ps]- Since P{o,...,d-i} = in MFu{W) we have 5'(e{o,...,d-i}) = 0, and 
from the triangle (3.31) we see that g{es+es'—esus'~^sns') = 0. One checks that 
every vector in the above basis of Ker(/) can be written as a linear combination 
of vectors on which g vanishes. Thus g factors through V/ Ker(/), and we have 
the commuting diagram 




(3.34) 



which implies that Vi/^l-p is bijective. □ 

3.4. Comparison with conformal field theory results 

We will now review the description of topological defects in rational conformal 
field theories associated to Landau- Ginzburg models with potential x"^; then we 
shall compare defect actions and pivotal structures in both theories. 

3.4.1. Topological defects in A/" = 2 minimal models 

The vertex operator algebras s\/\rd for the M = 2 minimal models form a discrete 
series labelled by an integer d G Z>3 and have central charge c = ?> — Q/ d. The 
bosonic part (sVirrf)bos of s\/\rd can be obtained via the coset construction from 
(su(2)rf_2 © ^(1)4) /il(l)2d. Accordingly, the isomorphism classes of irreducible 
representations of (sVirrf)bos are labelled by the set 

X= {(/,m,s) I / G {0, l,...,d-2},m G {0, 1, . . . , 2rf - 1}, 

s G {0,1,2,3},/ + m + s even}/ ~ (3.35) 

where the equivalence relation ~ identifies (/, m, s) with (rf — 2 — Z, m + rf, s + 2) 
for all {l,m,s) G X. We denote elements of X by [l,m,s], and hence we have 
[l,m,s] = [d — 2 — 1,171 + d, s + 2]. For each isomorphism class of irreducible 
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representations one may choose a representative R[i^rn,s]- We denote the category 
of representations of (sVirrf)bos by C^^^ (it is a C-hnear semisimple abehan braided 
monoidal category, which is in addition ribbon and modular). 

The modular S-matrix for the characters of R[i^m.,s] can also be found from the 
coset construction, and in the present case it is a simple product of the individual 
S'-matrices, up to an overall factor: 

S[l,m,s],[x,y,z] = '^SiJ ^{S'^ly'^) Sg'^P'^ (3.36) 

where 

Sfr-" = {{^^ {^{a + m+ 1)) , = /^e--^/^ . (3.37) 

We consider the A-type M = 2 minimal models. The bosonic part of their 
space of states is given by 

"Hbos = ^ R[l,m,s] ® R[l,m-s\ ■ (3.38) 
[i,m,s]gl 

The chiral primaries are the highest weight states (pi^i^ in the direct summands 
-R[/,/,o] ® R[i,ifl] for / G {0, 1, . . . , (i — 2}. The fields (pi^i^ have left/right conformal 
weight given hj h = h = l/{2d), which for chiral primaries is also equal to half 
the ?7(l)-charge. 

The two-point-correlator of two fields ip,ip' & "Hbos on the Riemann sphere 
is given by 

{ij{z)ij\w)) = K^^, {z - w)-^^-^^' {z* - w*)-'^*-V . (3.39) 

If ip and ip' are quasi-primary, the constant n^^i can be non-zero only if = h^i 
and /i^ = h^f. Let 4>d-2,d+2fi be a ground state in R[d-2,d+2,o] ® R[d-2,d+2,o] such 
that {4>d~2,d+2,o{z)(pd-2,d-2,Q{u!)) ^ 0. Notc that in order to have a non-zero two- 
point-correlator, by f/(l)-charge conservation, (f)d-2,d+2,Q needs to have minus the 
charge of (f)d-2,d-2,Q- 

Consider the three-point-correlator with (f)d-2,d+2,o placed at infinity (with stan- 
dard local coordinates around infinity on P^), and insertions of (f)r,r,o and 4>s,s,o 
at z and w. For an appropriate normalisation of the fields we have 

(0d_2,d+2,o(oo)0r,r,o(^)0s,s,o(w^)) = Sr+s,d-2 ■ (3.40) 

There is no position dependence because by [/(l)-charge conservation, the cor- 
relator can be non-zero only for r -f s = d — 2, and in this case h[d-2,d+2,o] — 
h[r,r,o] — h[s,sfl] = 0. The above three-point-correlator will correspond to the two- 
point-correlator (3.19) in the topological Landau-Ginzburg model, which in the 
one-variable case just reads {x^ x'^) = 5r+s,d-2- 
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The possible defects (preserving the holomorphic and anti-holomorphic copy 
of (sVir(i)bos) can be computed using the methods of [PZ] (as done in [BR]) or 
those of [Fr3] (as done in [CR]). One finds that the elementary defects are also 
labelled by the set X; we denote them as 

X[l,m,s] , [1,^,3] e I. (3.41) 

From [FRSl, Fr3] we know that the topological defects X[/ ^.s] are simple objects 
in a monoidal category X*^^^ (see [CR, sec. 3.1&app. A. 2] for more details in 
the case at hand). The tensor product corresponds to fusion of defects and the 
morphism spaces B.omjjAr=2 (Xi ® . . . ® Xm, Fi . . . Yn) are the spaces of defect 
junction fields of left/right conformal weight (0, 0) that are inserted at a junction 
point with m incoming defect lines labelled Xi, . . . , Xm and n outgoing defect 
lines labelled Yi, . . . , Yn- As is the case for any rational conformal field theory, 
the category T)^^'^ is (left and right) rigid and has a pivotal structure [Fr3]. 

Let us denote the defect operators (acting on bulk fields) of a defect X by 
V^^^{X). According to [CR, app.A.2], braided induction provides a monoidal 
equivalence C^^'^ = T)^^'^. The description of CFT correlators via three- 
dimensional topological field theory (3dTFT) [FRSl, Fr3] shows that in this case 
the defect operators are simply given by ratios of S'-matrix elements. For a field ip 
in -R[z,m,s] ® Rii,m-s] one finds (see also [BR]) 

TlCFTfy _ S[l,ni,s],[x-y-z] ^ 7-)CFT f ^^ _ S[l,m,s],[x,y,z] ^ 

1^1 (A — ip , [X[^^y^^]){'ilJ) - ip. 

•J [Z,m,s], [0,0,0] >-'[i,m,s], [0,0,0] 

(3.42) 

We will be particularly interested in the action of defects X^^y^o on the chiral 
primaries 0^,^,05 for which we get explicitly 

-nCFT.x. N sin(7r(x + l)(/ + l)/c;) 

V, (^[-..o])(0M,o) = + 1)/^) « ^^'/'M.o, 

-nCFT/x. w, N sin(7r(x + l)(/ + l)/c?) ^_^i^;/^^ 

V, (X[,,,o])(0M,o) = + 1)/^) e ''<^i,i,o. (3.43) 

One can prove in the 3dTFT approach [Fr3] that for all bulk fields ip, ip' G "Hbos 
and for all defects X one has 

{V?^^iX){^iz))^P'iw)) = {^Piz)V^^^iX){^'iw))) , (3.44) 

see the illustration (3.28). If and ip' are the identity field 1, this implies that 

I)p^T(X)(l) = V^^''{X){1) , (3.45) 

a result which holds for all rational conformal field theories whose left and right 
chiral symmetries coincide, so that they admit a description via the 3dTFT ap- 
proach. The equality (3.45) can also be read off from (3.43) upon setting / = as 
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the multiplicative constant is then the quantum dimension of the representation 
Again with the help of the 3dTFT approach one verifies that for all fields ^, 



S[d-2,d+2fl],[x,y,z] 



S[Qfi,0\\x,y,z\ 

= {-ir^'e-^-'y''~^d-24+2fl{w,)V^^^{X^,,y,^ {ij{w2)) . (3.46) 
Inserting this into (3.40) results in 



0d-2,d+2,o(oo)^^F^'^(-^[x,2/,2])(0r,r,o(«^l))0s,s,o(«^2)^ 

= {-lye-^^'yl" (0,_2,d+2,o(oo)0,,,,o(w;i)I^,^^'^(X[,,,,.])(0.,.,o(«;2))) . (3.47) 
3.4.2. Comparison of defect operators 

In [BR], X]p^a+2hfi] is identified as the conformal field theory equivalent of the 
Landau- Ginzburg defect described by the matrix factorisation P{a,...,a+b} of (3.23). 
We write this as 

-^(-^[6,20+6,0]) = -P{a,...,a+b} (3.48) 

which will later provide the action of a functor F on objects. The actions (3.25) 
and (3.26) of -P{a,...,a+6} on can be rewritten as 



-nMF.p _ sin(7r(& + l)(/ + l)/t/) 



,+7ri(«+l)(2a+6)/d^i 



The two actions (3.43) and (3.49) do not quite agree, for example 

^^r(^{a,...,a+H)(l) = e2-^(2"+^)/'^Pr(^{a,...,a+H)(l) , (3-50) 

SO that (3.45) does not hold for T>^J{X). In general, if we define a linear map / 
from the space of chiral primaries to EndMFbi(x'*)(-^) by setting f{4>i^ifi) = x\ then 

(^(^[.,.,o]))(/(0M.o)) = e+-'^/'^/(Pf^^(X[.,,,o])(0M,o)) , 
1^nFiX[x,y,o])mhi,o)) = e-'y/'f{V^''^iX^x,y,om,i,o)) . (3.51) 

In fact, these prefactors are precisely what is needed in order to make (3.27) and 
(3.47) fit to the observation that the pairing (3.19) is given by the three-point- 
correlator (3.40). 
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3.4.3. Comparison of pivotal structures 

Denote by V^^q the full subcategory of V^^"^ consisting of objects isomorphic 
to direct sums of objects of the form X[i^rn,o]] this is a monoidal subcategory (and 
hence also rigid and pivotal). Similarly, let {Vd)o be the (non-full) subcategory 
of MFbi(x'^) whose objects are isomorphic to direct sums of objects of the form 
P{a,...,a+b} and whose morphisms are morphisms of R-charge zero in MFbi(a;'^); 
this is again a monoidal (and rigid and pivotal) subcategory. 

The assignment (3.48) extends to an equivalence F : V^J^^ — )• {Vd)o of C- 
linear semisimple categories (because it is bijective on representatives of the iso- 
morphism classes of simple objects). It was conjectured in [CR] (and already 
established on the level of objects in [BR]) that F can be extended to an equiva- 
lence {F, F"^, F^) of monoidal categories. From remark 2.3 we see that {F, F"^, F^) 
together with the right dualities of the source and target categories gives natural 
isomorphisms (px ■ -F(X^) -> F{Xy. 

We now want to see if F is in addition pivotal in the sense of definition 2.10. 
This will turn out to be not the case, and to illustrate this we consider all pivotal 
structures on V-^^q simultaneously by defining 

= Vx o , (3.52) 

where r/ is a natural monoidal transformation of the identity functor on P^^lg- 
The functor F will be pivotal for a unique choice of rj. If this r] is different from the 
identity, V^=Jq and (Vd) are not pivotally equivalent with their standard pivotal 
structures. We can fix rjx on simple objects by noting that the requirement 
^MF^^ = (^-i)v o o F(5CFT) from definition 2.10 implies 

(F°)~^ o F(evx o ivx ® id^v) o coev^) o = evp^x) ° coevp(^x) ■ (3.53) 

Namely, if we write r/X[,,,,o] = ^^,yidx[,,,,o], then r]^^yF{V^^^{Xi^^y^o])W) = 
P^^(F(X[^,j^,o]))(id), and comparison with (3.51) shows that r/^,^ = e'^'^'/'^. Note 
that this is compatible with the fusion rules as is required for a natural monoidal 
transformation. Also, since rj^^y is different from the identity, 

T^d'^o ^^"^ O^dlo ai'e not pivotally equivalent. 

Remark 3.9. This result raises the question if the difference of pivotal structures 
just observed can be avoided by redefining the pivotal structure on MFbi(x'^) 
in (2.68). In answer to this, we first note that it is of course possible to use 
the equivalence F to transport the pivotal structure from V^^q to (Pd)o5 but it 
is not obvious that this pivotal structure then extends to all of MFbi(a;'^). But 
rather than pursuing this point, we would like to offer an alternative perspective 
which we believe to be the correct interpretation of the above discrepancy. 

Our starting assumption is that a fundamental property of the notion of a 
"defect operator" should be that it factors through the relevant Grothendieck 
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group of the category of defect conditions. This is satisfied on the CFT side (since 
T^d^^o is semi- simple, and so Kq{V^^^q) coincides with the free abehan group of 
isomorphism classes modulo the direct sum relation), and by proposition 3.5 it is 
also satisfied on the Landau- Ginzburg side with the pivotal structure (2.68). 

The property to factor through the Grothendieck group is tied to the pivotal 
structure and will in general fail if the pivotal structure is modified. In our ex- 
ample, this can be seen exphcitly as follows. Let us consider the defect operator 
Vi, the analysis for Vr gives the same result. Consider the identity defect / and 
its image TI under the shift functor. The triangulated structure on MFbi(x'^) 
demands [TI] = —[I] in Ko{MF\^i{x'^)) . From the definition of the shift functor 
and the form of Ps in (3.23) we conclude that TI = TP{o} — P{i,...,d-i}- For- 
mula (3.49) now reproduces the answer we already knew from lemma 3.1(i) and 
proposition 3.5: 'D;(/)(x°) = x° and Vi{TI){x^) = — On the other hand, it 
is equally easy to verify that the pivotal structure on (Vdjo obtained by trans- 
porting that of T>-^^Q does not factor through ii'o(MFbi(a;'^)). Namely, by (3.48) 
we have TI = F{X[ii~2 do]) aiid from (3.43) we see Pp^'^(X[o o o])(l) = 1 and 
2^F"^(X[._v.o])(l) = 1." 

This calculation illustrates that the pivotal structure we chose in (2.68) is 
adapted to the triangulated structure on MFbi(x'^) (in the sense that the defect 
operator factors through Kq(MFu{x'^))) , while the pivotal structure obtained on 
i'Pd)o by transporting the one from T>-^^q (independent of whether it extends to 
all of MFbi(x'^) or not) is not. 

The above observation shows that if we want to use the rigid structure to aid 
the comparison between matrix factorisation and conformal field theory data, 
we should look for quantities independent of the pivotal structure. One such 
quantity is the following. Let be a C-linear rigid monoidal category, and let S 
and S' = S o rj he two pivotal structures on Ai, with rj a monoidal isomorphism 
of the identity functor on Ai. For all X G we have 

evx o(?7xv (g) r]x) = evx °Vx-^®x = Vi ° evx = evx . (3.54) 

Suppose now that X is absolutely simple, i.e. End(X) = Cidx- Then there are 
constants ^ and ^ such that rjx = ^idx and rjx^ = ^idx^, and the above equation 
implies = 1. Then, denoting the linear maps (3.2) for 6 and 6' by Vi/r{X) and 
V'i^^,{X), respectively, 

{Vl{X) o Vl{X)){id) = P;(X^ ® X)(id) = a~^^,(X^ ® X)(id) 

= (A(X)oP,(X))(id). (3.55) 

Thus, for absolutely simple X, {Vi{X) oVr{X)){id) is independent of the pivotal 
structure. 

In the case of matrix factorisations, the relevant condition is that the space 
of degree preserving endomorphisms of X is Cidx- In the example treated 
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above, the Ps have this property, and indeed from (3.43) and (3.49) one checks 
that {Vf^^{F{X[^yo])) o V^^{F{X[^yo])))iid) gives the same multiple of id as 
{V^^-'iX^^^y^o]) oV^^^{X[,,y,o]m) gives of 1. 

4. Discussion 

In this paper we have studied dualities in the topological defect category MFbi(Vr) 
of Landau- Ginzburg models. More precisely, we have explicitly constructed the 
rigid and pivotal structure of MFbi(H^) in the one- variable case, and then used 
it to compute the defect action on bulk fields. We also analysed the relation be- 
tween the Grothendieck ring ii'o(MFbi(H^)) and R-charge preserving operators on 
the bulk algebra. For the case of many variables, we have suggested how to estab- 
lish rigidity and constructed a pivotal structure in general under the assumption 
of rigidity. Our results show that the CFT/LG correspondence cannot straight- 
forwardly be extended to the level of rigid and pivotal monoidal categories, yet 
still the comparison of quantities independent of the pivotal structures yields 
agreement for the action of defects on bulk fields. 

Another way to think of dualities for defects between two Landau- Ginzburg 
models with the same potential is to embed them into a larger structure. Indeed, 
it is natural to organise all topological defects between all Landau- Ginzburg 
models into a bicategory CQ: its objects are "theories", i.e. pairs {R,W) of 
polynomial rings R and potentials W E R with an isolated singularity at the 
origin, 1-morphisms between {R, W) and {R', W) are matrix factorisations X 
of W ®c 1 + 1 ®c W, and 2-morphisms between X and Y are elements of 
HomMF(W(g)ci-i®cW")(-^) ( Equivalent ly, one may also use the categories 

MFbiiW,W') of [CR] for 1- and 2-morphisms.) It has been established [LMZ] 
that this bicategory can be naturally endowed with the structure of a monoidal 
framed bicategory. 

Using the results of [Dy], one can view CQ as a subbicategory of the homotopy 
category of the bicategory CQbg that has differential graded categories DG(Vr) 
as objects and the 1- and 2-morphisms are provided by the derived category 
of differential graded modules over DG(H^) Cg) DG{—W'), see e.g. [Ke] for the 
terminology. Then one may expect that CQ is also a symmetric monoidal (oo, 2)- 
category. If this is the case, one can [DM, sec. 5] use the results of [Dy] to find that 
as an object in CQbg, the category DG(iy) is fully dualisable in the sense of [Lu2, 
def. 2.3.21], and we expect CQ = CQ^'^ (see [Lu2, sec. 2.3] for the notation). This 
would in particular imply that every defect X between Landau-Ginzburg models 
with potential W has itself a dual (called an adjoint in [Lu2]), and that defect 
fields evx and coevx that satisfy the Zorro moves exist. 

Let us expand on some of the structure of the bicategory CQ. While it remains 
to be rigorously answered whether it is a symmetric monoidal (oo, 2)-category, 
it is monoidal as a weak double category [LMZ]. The unit object is simply 
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(C, 0), and the tensor product on objects is given by {R, W) ® {R', W) = {R ®(c 
R', W ®c 1 + 1 ®c W). On the level of 1- and 2-morphisms, the tensor product 
is the external one (i.e. as in (2.4) and (A.l) but with replaced by "®c") 

while the composition of 1-morphisms is given by fusion. 

The dual of an object {R, W) in CQ is given by {R, — W), and one may now 
ask for evaluation and coevaluation maps on this higher categorial level. By 
definition, these are 1-morphisms 

ev(^,^) : {R, -W) ® {R, W) (C, 0) , 
coev(K,H/) : (C, 0) — > (R, W) ® (R, -W) (4.1) 

which are objects in the (1-) categories 

MF((-1^ ®c 1 + 1 8)c W^) - 1 8)c 0) = MF(0 ®c 1 - (H^ ®c 1 - 1 ®c W)) 

= MF(-iy ®c 1 + 1 ®c W^) • (4.2) 

If we denote by Iw the unit object in MFu{W) = MF{W 1 - 1 ®c W") and 
define ev(^R^w) = coev(R^w) = I-w, then one may verify that the Zorro moves for 
ev(/j vy), coev(/j vy) hold up to 2-isomorphism. Furthermore, we can define another 
duality structure by ev(i^^vK) = coev(/j vi^) = Tl^r- With this one may consider the 
quantum dimension of a Landau-Ginzburg model: in analogy to the 1-categorial 
case we set 

dim {{R, W)) = evi^R^w) o coev(R,vF) • (4.3) 

Then we use the relation (2.43) to find that dim{{R,W)) is given by the bulk 
algebra, 

dim {{R, W)) ^ R/{dW) , (4.4) 

which is isomorphic to the Hochschild cohomology of DG(Vr) [Dy]. An analogous 
result is also true for general B-twisted sigma models [Lul]. 
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A. Appendix 

A.l. Explicit morphisms of the monoidal structure 

The tensor product of two morphisms (p, if' in MFbi(Vr) is given by 



f^o^R^'o \ 

v^i ®R ip[ 

<^i^R<^o 

V ^o^R^'iJ 



(A.l] 



and the exphcit associator isomorphism ax,Y,z '■ {X ^ Y) ^ Z ^ X ^ {Y ^ Z) 
reads 



Y,Z)0 



/idxo(x>RYo(^RZo \ 

idxo«)flii®fl2 

^^Xi®rYi®rZo 

V idxi^flyo^flZi 



(A.2) 



[axy,z 1 



/idxiiX)flyocg)HZo 




V 











idxo®flYi®flZo 
id 



XqC^rYo^rZi 



\ 

idxicSflyicgiflZi 


/ 



(A.3) 



In the case of a potential W in only one variable, the homotopy inverses of 
^x,Px in (2.6) are given by 



Px 



a—x J 



V 

x-b J 










V 







[1 ®c idjij J 

\ 



r df (a,fe)(8cl-cf"f {a,x)®(d -i 
I x-b i 



X — >I^X, (A.4) 



: X — >X®I (A.5) 



7 



where we employ a natural generalisation of the hat-notation introduced in sec- 
tion 2.1, see [CR, app A.l] for details. 



A.2. The evaluation map is a morphism 

To show that evx : AT^ X ^ I is well-defined in MFbi(Vr) we have to check 
that / o evx = evx o(X^ X). Writing this out in components, the condition 
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becomes 



iooAx = Bxo {{d^y Oh idxo) + Cx o {idx^ Oij O , 



(A.6) 
(A.7) 

6io5x = -Axo((c/f)^®Hidxi), LioCx = Ax o{idx^ ®Rdf). (A.8) 

We first show that (A.6) and (A.7) are satisfied if (A.8) holds. Since ti = [a — by is 
injective, (A.6) is true if iiOiooAx = LioBxo{{d^y ^Ridxo) + LioCx{idx^ ®Rd^) 
which is equivalent to 



[W{a) - W{b)Y o Ax = {-Ax o {{dfy ®R idxj) o ((4)^ ®n idxo) 

+ {Ax o (idxv ^Rdf))o (idxv ^R O 
= -Ax o [W{x) - Vr(a)]" + Ax o [iy(x) - W{b)Y 
= [W{a) - W{b)Y o Ax . (A.9) 

The identity (A.7) is checked similarly. Thus it remains to show that (A.8) holds 
for Ax, Bx, Cx given by (2.25)-(2.27). Let us write Xi = RiS)c Xi (g)c R where 
Xi is a vector space with basis {cj}. To see that the second equation in (A.8) is 
true it is sufficient to prove that this is so when both sides are applied to elements 
of the form 1 e* ®c ^'^ ®c ®c 1- But we have 



{li o Cx){l ®c e* ®c x'' ®c ej ®c 1) = -5ijSkfi[a - by{l ®c 1 ®c 1) (A.IO) 



and 



{Ax o (idxv ®i? rff ))(1 ®c e* ®c x"" ®c ej 
(a — b — x)x'^dx 



cl) 



x(iy(a;) - W{b)) 



dQ{x,b)df {x,b){ej 



ev 



XjX 



k~l 



dx e* 



A 



= - Sij6kfl[a - bY{l (g)c 1 ®c 1) , 
and the first equation in (A.8) follows analogously. 



(A.ll) 



A. 3. Zorro moves 

We want to show that the Zorro move 

Px o (idx ® evx) o o;x,x'^,x ° (coevx ®idx) ° ^x^ = idx (A- 12) 

holds true for all X G MFbi(IV) whose entries have polynomial degrees lower than 
deg{W). By straightforward matrix multiplication we find that the left-hand side 
is a (2 X 2)-matrix whose (1, l)-entry is given by 

F = (idxo ®R /^) ° (idxo ®R ^x) 
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[1 ®c idjfj 



(A.13) 



Since the left-hand side of (A. 12) is a morphism in MFbi(Vr) it suffices to prove 
that 

(idfl ®c (e°)* ®c idi?)(F(l ®c e° ®c 1)) = ^r,s 1 ®c 1 (A.14) 

in order to check that (A. 12) is true. Here and below we denote by {e*} a basis 
of the vector space Xj. 

Substituting the expression (2.25) into (A.13) we find that 

{idn ®c (e°)* ®c id/?)(T(l ®c e° ®c 1)) 



dim X() 



(27ri)~Mx {e^^y{{df{a,b) - df{x,b)){el)) 
W{x) - W{b) a-x 

(27ri)-Mx (e°) -(Jf(a,&)4(x,&)(e°)) 

a — a; 



(e,i)*(d^(a:,6)(e^)) 



-| A 


jT da; 5^,5 




/ 27ri a — X 



W{x)-W{b) a~x J [/27ria-xJ ■ ^^'^^"^ 

where we used the matrix bi-factorisation condition df{x,b)d^{x,b) = (W{x) — 
W{b))idx^. This is indeed equal to 5^,5 1 ®c 1 as there are no entries of degree 
deg{W) or higher in d^ . 

The other Zorro move (2.36) is proved analogously. 



A. 4. R-charge and duals 

In this appendix we formulate duals for graded matrix bi-factorisations and show 
that evx and coevx have R-charge zero. 



A. 4.1. Group action on bimodules 

Let R and S be C-algebras. Given fi G Aut(i?) and u G Aut(S') we obtain a 
functor Tfj_^t, from i^-mod-S* to itself by twisting the action of R and S, 

(X, p\ p') ^ (X, o (/X ® idx), o (idx f^f. (A.16) 

r defines a strict action of Aut(i?)°P x Aut(S')°P on _R-mod-S', i.e. T^j^'y ° ^fi,u = 
^fifi',uu'- The group action commutes with taking duals in the sense that there is 
a natural isomorphism 

x'^''^:(■r°^,,.^^.,,o(.)^ (A.17) 

which takes an element ip G X^ = Hom^_mod-5(-^, R^cS) to Xx'^W = (p®c'^)°'^ 
(this defines a map Xx'^ '■ (r^,i^(-^))^ ~^ ^u,fi{X'^) of S'-i?-bimodules) and which 
satisfies 

Xr '"x r ; /x'''"' 

( (Tfifi' ,uu' — — — > Ty/^^i{{T^^yXy) — > ri,i^',^^'(x^) ) 
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= ( {r^^.',uu'Xy — >o,^^,(x^) ) . (A.18) 

We now specialise to the case that R = C[xi, . . . ,xm] and S = C[yi, . . . , t/tv] 
and consider group homomorphisms ct/j : C — )■ i? and erg : C — )■ S* given by 

aR{a){xi) = e^^^^x, , as{a)iy,) = e^^^^y, , (A.19) 

where q^, Qy E C are constants. Denote by Fq the diagonal action a T^f^{a),aR{a) 
of (C, +) on i^-mod-S*. We denote the natural isomorphism (A. 17) as x° : ( ■ )^ o 

Definition A.l. An R-S-bimodule with u{l)-action is a pair (X, yj^) where X 
is an i^-S-bimodule and ip^ : X — )■ Ta{X) is a family of isomorphisms such that 

( X ^ r.+,x ) = ( X ^ r.x'^V.+.x ) . (A.20) 

In other words, (X, ip^) is a C-invariant object in the category with C-action 
i^-mod-S*. We say a bimodule map f : X Y has R-charge p iff the diagram 

r^X ) To,Y (A.21) 
X >¥ 

commutes for all a G C. Given a bimodule with u(l)-charge {X,ip^), we define 
its dual as (X, cp^ = (X^, ^) with 

(xv^r,(x^)) = (x^^-^(r,x)^^r,(x^)). (A.22) 

We need to verify the composition rule (A.20): 

= xT' ° i^a' ° r„(y,,)-i)" = , (A.23) 

where step (1) is the definition of (p, step (2) is naturahty of x", and step (3) is 
(A.18). 

A. 4. 2. u(l)-action and duals for the bimodules R 0c W (g)c S 

Given a C-vector space W, we obtain a free i?-S'-bimodule R ®c W ®c 5'. For 
such bimodules we can give a more direct formulation of the u(l)-action and their 
duals. Define the bimodule map 

: R(^cW(^eS ^T^iR^vW^eS) (A.24) 
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(A.25) 



Let a = (ai, . . . , Om) and b = {bi, . . . , 67V) be formal variables. For a map /(a, 6) : 
— )■ [a, b] we obtain the commuting diagram 



rc([/(a,fe)]-) 



Given a u(l)-action on R ®c ®c "S", we define the bimodule map 



(A.26) 



w \-l 



o s^^: R(g)cW (g)e S — > R(^cW (g)e S , 



(A.27) 



Q jjw^_^'j 1^ With this choice of signs, comparing (A. 21) and 



w 

I.e. ip^ 

(A.26) shows that [/(a, b)Y has R-charge p iff 

f/^(«) o [/K(a)(a), a5(«)(6)]" o f/^(a)-i = e^^" [/(a, 6)]' . (A.28) 

which is the standard R-charge condition, see e.g. [HWa]. 

For bimodules of the form R^(cW^(cS we have a natural contravariant functor 
( ■ )~^, given by 



{R^cW^c sy 



S®eW*^eR, ([/(a, 6)]1+ = [/*(&, a)]" (A.29) 

'^n) = E/fci,...,fcM,/i,...,«iV-^'=i'---.;iv4'---«M^l'---^w' 

fku...,iA'---b'^'(^i---<^N- (A.30) 



where for /(ai, . . . , , 61, 
we set 

ki,...,kM,h,---,lN 

Note that f{a,b) : -> M/[ai, . . . , om, • • • , M while f*{b,a) : T^* 
V^*[ai, . . . , otv, bi, . . . , 6m], as by convention the act on the left algebra, which 
is R for R ®c ®c S while it is S" for S ®c W^* ®c R- The number of formal 
6-variables changes for the same reason. 

We can define a natural isomorphism k : ( • )+ ^ ( ■ )^ via 

Kw : {R(^€W ®cSy ^ {R(^cW ®cSy , (A.31) 
s ®c ®c I — ^ (e ®c ®c / <P{w) ■ (re) ®c (/s)) • (A.32) 

Indeed one checks that kw provides a natural family of 5'-i?-bimodule isomor- 
phisms. In addition, it makes the following diagram commute (we omit the ®c): 



{Rwsy 

Kw 

{Rwsy 



{r^{Rws)y 



'X.RWS 



-^T^iiRwsy) 
-^T^iiRwsy) 



(A.33) 
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In the main text the natural isomorphism k is used imphcitly, but for the purpose 
of this appendix we find it clearer to distinguish the two duals. 

Given a bimodule R (8>c W ®c S with u(l)-action described by {a), we 
assign to {R®gW ®c S)^ the u(l)-action {U"^ {a)~^)^ . This is the unique choice 
compatible with (A. 22) in the sense that the diagram 

^RWS 

[RWSy >T^{{RWSY) (A.34) 



{R ws)+ ^ ^""'^ > {R wsy ^ r,((i? WS)+) 

commutes (that the map (f/^(— a))"^ appears instead of {U^ {a)~^)~^ is due to 
definition (A.27)). This follows when inserting definitions (A. 22) and (A. 27) and 
using commutativity of (A. 33). 



A. 4. 3. Graded matrix bi-factorisations 

Definition A. 2. A graded matrix bi- factorisation is a pair {X,(f^) where X = 
{Xo,Xi,d^ ,d^) is a matrix bi-factorisation and Xq © Xi is a bimodule with 
u(l)-action ^^(a) = ("^ q*-""* ^x^^-^) such that = {^x^q ) has R-charge 1. 

We now restrict ourselves to the one- variable case R = S = C[x] with potential 
W{x) = x'^. In this case the constant is given by 2/d. If (X, (^^) is a graded 
matrix bi-factorisation, we define its dual graded matrix bi-factorisation to be 

(X^, (y9*^"^^)), where we take 

and (p^ was defined in (A. 22). The reason to include the phase shift is to ensure 
that I"^ = I via an isomorphism of R-charge zero; we will come to this in a 
moment. Independent of the phase shift one checks that if has R-charge 1 
with respect to the u(l)-action y?"^, then d'^^ ^ has R-charge 1 with respect to the 
u(l)-action ip'^-^^\ 

li Xi = R Xi ®c R and the u(l)-action is described by U^^{a), then we 
define the matrix bi-factorisation X+ = (X^*", Xq*", ((i^)+, — (df )+) with u(l)- 
action described by 

^'-'H^e--.((^*<f')^ ,,.„,°,_.,,) . (A.36, 

This is isomorphic to (X^,^)''^^^) via the isomorphism KxieXo^ which one can 
verify to have R-charge zero. Recall the definition of the graded matrix bi- 
factorisation / in section 2.2.4; plugging into (A.36) we see that I = = I"^ 
as graded matrix bi-factorisations, and the isomorphism is of R-charge zero. 
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Let X be a matrix bi-factorisation with Xi = R ®c ®c R- Note that the 
maps evx and coevx given in section 2.2.3 are actually maps X+ (g) X — > / and 
I — )■ X^X~^, respectively. Similarly, the identity verified in lemma 2.4 is actually 
that for / : X — )■ F we have coevx o(/ ® idx+) = coevy o(idy (g) /"*"). Analogous 
statements hold for evx- The map coevx satisfies 



i^^^^^^Ux)0Ux- 



Sc«o(7^(-a)-i 



(A.37) 



-^X®X+. 



Combining this observation with definition (A. 36) and the fact that the u(l)- 
action on X+ is given by the bottom line of (A. 34), it is straightforward to 
check that coevx has R-charge zero: naturality of k, implies compatibility with 
the differential and commutativity of (A. 34) gives the R-charge to be zero. The 
argument for evx is analogous. 

A. 5. Proof of lemma 2.12 

To show part (i) of lemma 2.12 we use the relation (2.40) twice to find that the 
naturality condition ip^"^ o tx = ty o ip is equivalent to 




vv 



Y 



vv 



X^ 



x"- 



ty 



L-l 



X 



yv 

(A.38) 

In the second step we have composed both sides with "from below" and 
applied two Zorro moves. But the last expression in (A.38) is precisely the left- 
hand side of (2.66) by definition of coevx and evy. 

To prove part (ii) let us write out (2.56) in pictorial language. Using (2.53) 
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and (2.40) we find 




(A.39) 



That this is indeed the inverse of {i^yxY ^^'^ t)e shown by concatenating the 
above expression with [i'yxY ^^"^ using repeated Zorro moves to obtain the 
identity. Thus t^^y ° ((^yx)^)^^ ° yv o (tx ® ty) = id^^y is equivalent to 

X(S)Y X(g)Y 




(A.40) 



X Y X(S)Y 

Now we apply one Zorro move to the left-hand side, compose with tx®y "from 
above" and with (tx®y)~^ "from below", and append curved lines to the left and 
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right to obtain 




. (A.41) 



(X ® Y)^ 



{X ® yY 



Composing both sides with 



(X O Yf 




(A.42) 



yV 



"from below", applying two more Zorro moves on the left-hand side and using 
the definitions of coevx(g)y, evx, evy, we finally arrive at (2.67). 

A. 6. Trace formula for defect action 

We want to prove the explicit expression (3.7) for the action of a defect X on 
a bulk field ip. As ip E EndMFbi(VK)(-^) — R/{dW), it suffices to compute the 
(1, l)-entry of the (2 x 2)-matrix 



Vi{X){(p) = evx o(idxv ® (Ax 0(^9® idx) o A^^)) o coevx 



(A.43) 



because the other non-zero entry must be the same. Substituting the explicit 
expressions for evx, Ax, A^^^, coevx, we find that the (1, l)-entry of (3.7) is equal 
to 



Ax o n{(po) o (id [1 (g)c id]") o 



idxj ®c idi?, ®c {di{x, a) - df{x, b)) 



a — b 



o CXi 



(a — b — x) tr (^(po{x)dQ {x, b){d^{x, a) — c?f (x, 6))) 



27ri / x{W{x) - W{b)) 



a — b 



dx 
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1 

27ri 
+ 

1 
2^ 



tr (^(po{x)dQ {x, h){d^{x, a) — df^{x, 6))) dx 



1 
27ri 



x{W{x) - W{b)) 
tr ((^o(2;)<i(f (a;, a) — 6))) da; 



{W{x) -W{b)){a-b) 

tr ((i^(a;, b)di{x, a)(po{x)) dx 
{W{x) -W{b)){a-b) 



(A.44) 



Here it was used that since EndMFbi(VF)(-^) — R/{dW) we have d 
d^ {x,b){df^ {x,a) — di{x,b)) in hne (A.44) is zero. 
The expression for Vr{X){ip) is proved analogously. 



6, the term 
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